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Abstract 

In this paper we extend to the case of IIB superstring sigma models the method pro- 
posed in hep-th/ 10023500 to derive the pure spinor approach for type IIA sigma models. 
In particular, starting from the (Free) Differential Algebra and superspace parametrization 
of type IIB supergravity, extended to include the BRST differential and all the ghosts, we 
derive the BRST transformations of fields and ghosts as well as the standard pure spinor 
constraints for the ghosts A related to super symmetry. Moreover, using the method first 
proposed by us, we derive the pure spinor action for type IIB superstrings in curved 
supergravity backgrounds (on shell), in full agreement with the action first obtained by 
Berkovits and Howe. 
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1 Introduction 



Since bimillennium, Berkovits, sometimes together with collaborators, developed a new formal- 
ism for superstrings [1] - [8], based on the concept of pure spinor [9], [10]. It is a superspace 
approach, like the Green-Schwarz (G-S) one, which however replaces the K-symmetry of the 
G-S formulation with a BRST symmetry where the ghosts are pure spinors. With respect to 
the G-S approach, it has the advantage to allow for a consistent, super Poincare invariant quan- 
tization of the superstrings in D=10 flat background or in special backgrounds as, for instance, 
AdS^ §>> [7]. Moreover this formalism has the advantage over the RNS one to be able to treat 
fermions and R-R background fields in a natural way. 

It is also interesting to extend the pure spinor approach to describe superstrings in curved 
supergravity backgrounds and write u-models actions that are relevant, especially to deal with 
backgrounds in presence of R-R fluxes. Here the seminal paper is [11]. In this paper, the authors 
start from the more general classical action invariant imdcr worldsheet conformal transforma- 
tions and derive the supergravity constraints by requiring nilpotcnce of the BRST charge and 
holomorphicity of the BRST currents. An equivalent approach is to require invariance of the 
action under BRST charge [12]. 

One could also reverse this procedure: i.e., start from the geometric formulation of the rel- 
evant, ten dimensional supergravity and then derive the pure spinor action, as a modification 
of the G-S one, by requiring that the pure spinor action is BRST invariant. A first attempt 
to do that, restricted to the heterotic case, was done in [13]. Of course in order to be suc- 
cessful one should be able to get from the geometric formulation of the relevant supergravity 
model, the BRST transformations of fields and ghosts. This can be done by generalizing a 
procedure well known for Yang-Mills theories [14], [15] and widely apphed in gauge [16], [17], 
[18], topological [19], [20] and supergravity theories [21]. Wc shall refer to this procedure as the 
method of Extended (Free) Differential Algebra. In addition, this method allows us to derive 
the pure spinor constraints for the ghosts under suitable conditions that are strongly related 
to the superembedding approach [24]. See also [25] where the relation between the pure spinor 
approach and the superembedding one was pointed out. 

In [22] a version of the method of Extended Differential Algebra was applied to the case 
of IIA supcrstring a-models in order to derive the ghost constraints and the BRST invariant 
action but the constraints obtained in [22] do not seem to fit with the standard pure spinor 
ones. In [23], one of the present authors (M.T.) has presented a variant of the method proposed 
in [22] that allows to derive the standard pure spinor constraints and the pure spinor action for 
type IIA, D=10 superstring cr-models in full agreement with [11]. 

In this paper we apply the approach of [23] to get the pure spinor constraints and the pure 
spinor action for the case of type IIB superstring cr-models in 10 dimensions. 

The paper is organized as follows. In Section 2, we review the geometrical superspace 
formulation of type IIB supergravity [26], [27], [29], [28] and present the parametrization of 
torsions and curvatures by following [27]. In section 3, we write the G-S action, which is not 
a trivial step as it could seem, since IIB supergravity (at the classical level) is invariant under 
an SL{2R) group, under which the NS-NS and R-R two superforms transform as a doublet. 
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Therefore to write the G-S action we will adopt a method proposed in [30] in a different context, 
which preserves formally this SL{2R) symmetry. Then the G-S action suggests itself a rescahng 
(and a field redefinition) of the fields and supcrforms that describe type IIB supergravity. 
In section 4, we explain the method of Extended Differential Algebra and derive the pure 
spinor constraints for the ghosts. Moreover we present the extended parametrization of rescaled 
torsions and curvatures in terms of the real and imaginary parts of the spinor-like vielbeins 
and the other complex fields, which reduces the superspace parametrization of torsions and 
curvatures to a form very similar to that of IIA supergravity. Finally in section 5, we define 
the BRST charge and we give the BRST transformations of the antighosts and the covariant 
momenta (subsection 5.1) and we apply the method of [23], (and [13]), to derive the pure 
spinor action of type IIB superstring cr-models in full agreement with [11] (section 5.2). 

2 IIB Supergravity in 10 Dimensions 
2.1 Field Content and Notations 

The D=10, IIB supergravity contains the following fields and forms: the vector-like superviel- 
beins E"- = dZ^ Em°'{Z), the spinor-like supervielbeins (-E", -E*"), the two-superforms (i?2i -B2), 
the four-supcrform C4, the chiral spinors (Aq,,A*), the Lorentz superconnection f)"*, and the 
scalars (V+*, V_*). 

V±' belong to the coset SL{2R)/U{1) transforming as V^' = e±2'^14^A/ with A/ e SL{2R) 
and V^. satisfy the reahty condition 

Vl = Vi, VI = VI, (2.1) 

where, if ■0* is an SL{2R) doublet, we define 

Moreover 

SijV+'VJ = 1, {VJV+^) - {VJV+') = -2e'^. 
Then one defines the one-superforms 

2iQ = eijVJdV+\ 
which plays the role of C/(l) connection and 

Ri = eijV+'dV+^, R\ = SijVJdVJ. 

With respect to the structure group f/(l), V±' have charges q = ±2, {E", E*"') have charges 
q = ±1, the two-superforms (52,-82) have charges q = ±2, (Aa, A*) have charges q = ±3 and 
{Ri,Rl) have charges q = ±4. E"-, Q"-^ and C4 arc uncharged. Covariant derivatives involve 
the Lorentz connection Q"'^ = —fl''"' acting on Lorentz tensors and spinors and the connection 
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Q acting on charged fields. It is also convenient to introduce, at no cost, a Weyl connection 
Q with zero curvature such that spinors with p upper and q lower spinorial indices have Weyl 
charge p — q. Since the Weyl curvature vanishes, Q is a pure gauge. For instance, 

etc. The Lorentz curvature is as usual 

Instead of the charged two-superforms {B2, B2) it is convenient to use the uncharged ones B2 
which transform as a doublet of SL{2R) and are defined as 

Bl = VtB2 + VlBl. (2.2) 

The curvature of B^ is 

HI = dB\, 

and the curvature of C4 is 

F^^idCi + 2ieijBldBi. 

Notice that in our notations F5 is purely imaginary. 

These torsions and curvatures satisfy the Bianchi identities 

AT" = E^Rb"", (2.3) 
AT" = E^Rp'' + -RiRlE"", (2.4) 

AT*'* = E*'^Rp'' - ^RiRlE*"", (2.5) 
where Rj - \R''\rab)J ■ Moreover 

Ai?"^ = 0, (2.6) 

dHi = 0, (2.7) 

dF, = -2ieijHiHi, (2.8) 

dQ = '-RiR\. (2.9) 
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2.2 Parametrization of Torsions and Curvatures 

We shall adopt the parametrization of Howe and West (H-W) [27], modulo some different 
conventions. For H-W, complex conjugation reverses the order of the factors, while for us it 
is simply to take the complex conjugate without reversing the order. Moreover in H-W if X is 

odd E°'X = —XE'^ and {E°'E^)* — —E*°'E*^. In our conventions, derivatives act from right 
to left. Moreover objects with even grading always commute and objects with odd grading 
anticommute among themselves and commute with those of even grading. 

If we denote with Xq the objects in the notations of H-W, the dictionary among our notation 
and that of H-W is the following: 

A" = e^A^, A*" = e^A*", 

B2 = Bq2, C4 = — iCo4- 

Then one gets the following parametrization 

rpa ^ ^E*r''E), (2.10) 

- [^(£;T«^*)(r„A)" - E*''{E*A)] + ^E"[3(^T^'=)"//„6e + ^(£^T„6e<i)"/^'i 

+E^E^[9xcS^" + l{rT')^"x' + l{r''')fi"xabc + |(rcr„,,)/x'^'" 

+^(r'^''^)/3"(^^ilc + xiic)] + Ie^e%i, (2.11) 

T*" = [-{EVEXFaA*)'^ - E'^{EA*)] + — £;"[3(£;r^'^)"//*6c + -(^r"^"^)"^6J 

+E^E*^[-9xcS^'^ - ^(rcrb)^"x^ + \{r'^')^''xabc + ^(rer„b,)/x'^'' 

-^(r"''^^)/3"(^i^ilc + xilJ] + Ie'^e%*:, (2.12) 
j^ab ^ 3(^*r'^6c^)^^ _ 2(^Tc^)x"'" + -{E*r''r'^^r^E)xcde + -{E*rcdeE){]rF^+^''^'^ + x^-'>''''"^^) 

-][{ETcE)H*''^^ + {ETcE*)H''^^] + ^[{ETT'^r^E)H*ae + {E*rT'^^r^E*)Hcde] 
4 48 
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+ ^E'[{E*Qf) + (i^er")] + ^E'E'^Rac'-', (2.13) 

where 

et = {TcT'^X - 2(r[«T\),, 
x^^^ = ^(Ar^A*). 

Notice that in our notation Xa and Xabcde are purely imaginary whereas Xabc is real. 
Moreover 

AVi = Vi[-2{EA) + E^'Ra], 

AVi = Vl[-2{E*A*) + E'^Rl], (2.14) 



Hi = +-[E''{Er^E)vl + E''{E*r^E*)vl] + -^"^''[(£;T,,„A)i/i + (^r,,„A*)i/i] 



and 



+ H:,^VI], (2.15) 

F5 = ^E''E'E%E*r^,E) + ^E'^E''E''E''E'F,,^„ (2.16) 
D 5! 



AA„ = ^R-{r,E% + ^{T-'''E)^H,,, + E^A^A,, 

aa; = \R*%r,E)^ + ^{r'^'^E*)^H:^ + e'a,k. (2.17) 

If ^ai...a5 is a 5- indexed superfield, 

Z^^\i...a5 — 2(^0,1. ..as i (*.^)ai...a5)) 

are its self-dual and antiself-dual components. Xai...a5 is antiself-dual, i.e., Xai...a5 = X^a^La^- 
Moreover 

ai.-.as '-'Aai...aB) 

and ^ ^ 

Zabcde = [-fobcde + ^'^Xabcde] — ^02^^"'^'^^^ ^Xabcde]- 

Prom the definitions of i?i , Rl and Q one has 

Rl = -2{EA) + E'^Ra, 

Rl = -2{E*A*) + E'^i?;. (2.18) 
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3 Green- Schwarz Action, Rescaling and Field Redefini- 
tion 

3.1 G-S Action 

As a first step to obtain the pure spinor action, one must write the G-S action for the IIB sigma 
model. Since B2 is an SL{2R) doublet and since the W-Z term involving must be real and 
must have a scalar structure, we will introduce a complex, constant SL{2R) doublet qi (with 

q^ = {rlq*)^ ) m- 

Notice that from the reality condition (2.1) and (2.2) one has HI — HI so that also B2 = B^- 
Therefore, writing = |(?i + ?i), one has that 

]^[qiBi^qiBl\^niBl 
is real and "scalar". Moreover rii = fii. Then by defining 

e'f' = riiVi, e^^* = (n.K!)* = (3.1) 

one has 

mB'^ = e^"^ B2 + e^"^' Bl. 
Now we propose the following G-S action (in the conformal gauge): 

/g5 = ^ /[e + 2n,5^] 

= j \]^e'f'e^* ElE^a + e^^B^ + e^^* B;\. (3.2) 
The factor e'^e'^* in front of E'^E^a will become clear in the following. 

3.2 Rescaling 

The variation of the second term of Iqs involves the 3-superform H^ = riiH^ which, according 
to (2.15) and (3.1), is 

H3 = +-[E''{ET^E)e^'^ + E''{E*r^E*)e^'^'] + -E''E''[{E*rbaA)e^'^ + (Srb„A*)e2<^*] 

+^E''E''E'^[H,,,e'"^ + Hl.^e^'t'*]. (3.3) 
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Eq. (3.3) suggests to perform the following rescaling 



a Tpa *a rp*a 

~ pk{<p+r) ' ~ pk{<j>+r) ' 



ga _ ^2k(<t>+<j>*} -^a 



p34> p^r 

_ ^ A * _ A* 

p(3k+l){<t>+<t>*) °" ^« ~ g(3fc+l){,/.+</>*)^^«- 



The simplest choice A; = yields unpleasant factors -^-^ in front of the torsions and curvatures 
expressed in terms of the rescaled fields. These unpleasant factors can be removed by choosing 



k^\. Then 



T^^c, < = -TTIZ^K, (3.6) 



and therefore 



= - (3,7) 



Moreover, from (2.14) and (2.16), 
and 

•^aftcde — ^ ^ abode- l^O.iU; 

Notice that i?2, and ^2"'' (and therefore H^, and /?„*) are not rescaled. 
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3.3 Field redefinitions 



Moreover from (2.14) one has 



= -(6*7r*) + Jo:, (3.11) 



A0* = -(e7r) + ^£:>a, (3-12) 

and the torsion of the rescaled vielbein E°- becomes 

A£:" = (eT"e) + [^(evr) + \{e^i^*W + ^^"^'(P6 + pI). (3.13) 

which does not vanish in the sectors (1,1) and (2,0) ^. It is convenient to perform a redefi- 
nition of the spinor-hke vielbeins and of the Lorentz connection so that A'£^" vanishes in the 
sectors (1,1) and (2,0) (where now A' denotes the covariant differential given in terms of the 
redefined connection Q'"*"). Indeed, calhng E the redefined spinor-hke vielbeins, let us consider 
the transformations 

= e" - \E^{y^'K*Y, E*'' = e*" - \E\V^,'Ky, (3.14) 



Q'" = Q"*" + (3.15) 

where 

5^"^ = hiEV^) + (£*rV*)] + 4£'=fi;e"^ - \e'5^^{p* + pf\ (3.16) 

and TT, TT* and p, p* are defined in (3.6), (3.9) and n"-^" is defined in (3.7) with T^^) = V^. Then 
one can immediately verify that under the transformations (3.14), (3.15) and (3.16) 

A'E^ = {E*r''E). (3.17) 

It is then straightforward to compute the torsions and curvatures with the rescaled and rede- 
fined fields and forms. However before doing that, let us introduce the associated Extended 
Free Differential Algebra with its related torsions and curvatures. 



■^Oncc a supervielbein basis is fixed, any n-superform ipn can be decomposed as ipn = X]V'(p,g)) ip + Q = 'n), 
where is the component of if^n proportional to p vector-hke and q spinor-like vielbeins. Then V'(p,g) is 

called the {p, q) sector of V'n- 
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4 Extended Free Differential Algebra 



4.1 BRST differential, extended forms and ghosts 

A convenient way to get the BRST transformations of fields and ghosts is to consider the 
Extended Differential Algebra that amounts to the following recipe: 

a) Define the hatted quantities as 

d = d + s + d = d + s + d, (4.1) 
= + A", (4.2) 

S*" = S*" + A*", (4.3) 

(lab = s^n'c''^ + i)"^ = Q'"'' + (4.4) 

Bi = S'^S'^Bi,^ + a{ = B' + ai, (4.5) 

C^^S^'--- S^'Ca,...A, + (73 = C4 + ^3, (4.6) 

where the ghosts A", A", A*", ip"'^, a\ and have ghost number Ugh = 1 but al and a^, being 
one-form and 3-form respectively, contain ghosts of ghosts of higher ghost number. Since the 
Green-Schwarz action involves only the two-superform njSg for our purposes the relevant ghost 
related to B^ is (riial). 

b) Assume that the ghost A" related to and the ghost riial vanish so that 

r = (4.7) 

riiBi = riiBl (4.8) 

c) Write the extended parametrization for hatted torsions and curvatures simply copying that 

of the unhatted ones. 

Following [15], one can give a geometric interpretation to Eqs. (4.1) - (4.6) by adding an 
odd, non-dynamical dimension to the superspace, with odd coordiante rj . Then the ghosts (and 
ghosts of ghosts) in Eqs. (4.2) - (4.6) can be identified with the components of the corresponding 
hatted superforms along this odd direction and s in (4.1) as the differential along rj. 

A justification of the assumption expressed under the point b) can be done in the framework 
of the superembedding approach. In this approach the w.s. is considered a super w.s. and the 
ghosts which arise in the definitions of the hatted superforms are just the pull-back of these 
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extended superforms along an odd super w.s. direction, let say, of odd coordinate n. Then 
the condition A^^ = dud^Z'^E^ = is just the fundamental constraint of the superembedding 
approach, i.e., the requirement that the pull-back of the vector-like vielbeins along an odd 
super w.s. direction, vanishes. On this line, the condition (^^jcr^si) = dnd^Z^ £^£^ Bba = 0, 
together with A^^ = expresses the fact that if, as in rconomic approach, one writes the G-S 
action as the integral of a top 2-form in the extended superspace, the puUback of this top 2- form 
vanishes along the odd super w.s. direction k. 

However, A" and A^^ (as well as (njO"]^) and (^i5"^si)) are a priori different objects since A" 
and {nia\) are the odd components of and nji?2 in the extended superspace {Z^ ^ rj) whereas 
A^j, and {uial^^j) are the odd components of the pull-back of S'^ and UiB^ in the extended w.s. 
(^*, k). They can be identified if one specifies the odd part of the embedding of the extended 
w.s. on the extended superspace. Indeed, if Z^(^, k) = Z^{^) + kY^{^) is this embedding, 
one can choose d^Z^ = Y'^ — £:^S^ so that A" = A^^ and nia\ — riiul^g-^ modulo the fact that 
nid\ is a full one-superform in the superspace and Uidl^gi is its pull-back on the w.s. 

Now we must be more precise about the action of S. There are two equivalent options {S 
and 6): 

1) 5 induces Lorentz and gauge transformations with parameters ■ip"''^, a\ and a^. 

In this case 5 and s anticommute and s is nilpotent. But s induces also Lorentz and gauge 
transformations with parameters X^Q!^"-^ -\- X*'^Q!*^^ etc. 

2) 5 induces Lorentz and gauge transformations with parameters ■0"'', CTi, and a^. 
Writing s -|- 5 = s + 5, now 5 and s do not anticommute and s is not nilpotent. Now s induces 
covariant transformations (s is the covariant BRST differential). 

The BRST transformations of fields and ghost can be obtained by expanding in ghost 
number the parametrizations of the extended curvatures. 

In the sector with ghost number rig^ = it reproduces the parametrization on which we 
started. In the sector with righ = 1 it gives the BRST transformations of fields and forms. In 
the sector with Ugh = 2 it yields the transformations of the ghosts (and the ghost constraints 
as we shall see) . 

4.2 Parametrization of Extendended Torsions and Curvatures 

As already noted, it is straightforward to compute the parametrization of torsions and curva- 
tures with the rescaled and redefined fields and forms. Here we will give the results of this 
computation directly for the extended objects. 
The extended version of (3.11) and (3.17) are 

kct>^-{t7:*) + \8\pl-l%Ka). (4.9) 

kS'' = {tv^£), (4.10) 

where, in (4.10) and in the following, A denotes the extension of A', the covariant differential 
associated to the Lorentz connection Vt'""^ ^ defined in (3.15) and (3.16). 
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Then 

where -Kabc = {TrVabcTr) (and n*^^^ = (7r*r„bc7r*) ). 

= i[(£r£)(re7r)" + (£*r£*)(re7r)"] + (£r£*)(re7r*)" - £''[{Stt) + 
+£^^^{l(r»'''^^)/ij-w , + (rcr^)^[4«:, - \{pb - pm + ^^'^^S:, (4.12) 

Fs = i£"£:''£:^(£*r,,„£) - ^£"£''£^£'^[(£T„b,,7r*) + (£r„6cd7r)] (4.14) 

^If^'^'^'ny^'-^lae - 34ie]- (4-15) 

Moreover, if we call B?^ the extended curvature of the redefined Lorentz connection one 
has 

= {-htv^E) + (^Ty,^*)][(?{^«^ + n*^'^) - ^(7r^«^ + TT*^"'')] - -^[(^r'T^^'^r^^) 

4 4 48 

+{ET^TiT't)[AKf -\{Pf- P))] + C.C.} - \E%tr:>) + {E^T')] + ^rE'TZ^^', (4.16) 

where the explicit forms of and TZdc"'^ in terms of the other fields are not needed. Notice 
that is purely imaginary while and ^E" are real, and the parametrizations of A0*, 

Att and Af*" can be obtained by taking the complex conjugate of (4.9), (4.11) and (4.12), 
respectively. 
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4.3 Pure spinor constraints 



As already mentioned, equations (4.9) - (4.16) at ghost number Ugh = give the parametriza- 
tions of the torsions and curvatures of the rescaled and redefined fields and forms and at ghost 
number Ugh — 1 they give the BRST transformations of these fields and forms. Now we are 
interested in the sector with ghost number Ugh = 2 where these equations give the BRST trans- 
formations of the ghosts. The vanishing of A", i.e., Eq. (4.7) together with (4.10) at Ugh — 2 
yields the constraint 

(Ar"A*) = 0, (4.17) 

and the vanishing ofnidl, i.e., equation (4.8) together with (4.13) implies S°'[{XraX) + {X*raX*)] — 
so that 

(Ar"A) + (AT«A*) = 0. (4.18) 

However, it is fair to recall, as remarked before, that equation (4.8) is stronger than the condition 
riial^g — that follows from the requirement that the pull-back of the G-S lagrangian vanishes 
along K. Indeed rijO"^^^ = only implies that the pull-back S^[{XraX) + (A*raA*)] vanishes. 

The constraints (4.17), (4.18) gain a more standard form if one writes A" = '^i^i + ^''^2)- 
In fact, in terms of A" and A2 these constraints become 

(Air"Ai) = = (As^As), (4.19) 

i.e., the pure spinor constraints for Ai and A2. Moreover, (4.12) in the sector Ugh = 2 gives the 
BRST transformation of A" 

sA" = -A" [( Att) + ( A*7r*)] - A*" [( A*7r) + ( Att*)] , (4.20) 

or in terms of Ai and A2, 

sX^ = -2A?(Ai7ri), sX^ = 2A^(A27r2). (4.21) 

4.4 Real and Imaginary Components of Spinor-like Vielbeins and 
Other Fields 

These results suggest that it should be convenient to rewrite equations (4.10), (4.12), (4.13), 
(4.15) and (4.16) in terms of the real and imaginary components of the relevant fields by writing 
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(4.22) 



but we will define 1-Lohc — 'Hiabc + i'H2abc and pa — pia + ip2a- Then equations (4.10) - (4.16) 
yield 

A£» = ^[(^ir%) + (4r"4)], (4.23) 

= (^ir%)(re7ri)° - 24"(^i7ri) + \£'£^^{Tal,)p'"Habc 

-E^MVAr + ^^"^SV, (4.24) 

a4- = -[(4r^4)(re7r2)" - 24"(47r2)] + i^^4(r„,);3"^a;,c] 

-r£%S,V,Mr + i^^^SV, (4.25) 



where we have defined 
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"^afec = ^lafec - ^[(TriFaftcTri) - {'K2^ahc'^2% (4.26) 

and 

^/3a ^ (r^)/3"(lp,, + 4^^) + ^(r^^'^^)^"j-i+i 

+ ^(r''^')^"[^2.cd - J(7rir„,e7r2)], (4.27) 

and we have written k„ = m„, k^^^^^^ = m^^^^^^ and = iJ^^J;^^ so that Ra, ^^abLe and /■.[^j.^^ 

are real. The expression of the fields Ti/2,a6 is irrelevant for our purposes. Moreover 

{mHl) = d{niBi) = ^£«[(4r„4) - (4r„4)] + ^S^E'S'-Habc, (4.28) 



and 
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^^'^ = _ [(4r/4) - (4r/£2)]^-^"' + 2{£^T''MT'£2) - -£"[{£1^,) + (4^2c) 



+]^£'£''ndc''''. (4.30) 
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Using the identity 

(£:ir%)(r„7ri)° - 2S'^{S,t:,) = -^[(rti)"(^:ir„67ri) - 2S^{S,t:,)1 
and a similar one for £2, the sectors (0,2) of A£j can be rewritten as 

(A£n(o,2) = -i[(r'^'^i)"(^ir„,7ri) - 2£f (^iTTi)], (4.31) 

(A4-)(o,2) = ^[(r«^^2)"(^2r„b7r2) - 24-(£27r2)]. (4.32) 



Moreover 



ATTia = ^l[--;^{^"'^)poc'Habc + 2(r'')/9"Plc " ^(r"'"')/3a(7rirabc7ri)] 

-J(PMre4)a + ^'A7ri,, (4.33) 

1-1 1 
A7r2a = ^2 [-^(r"'''')/3a'Habc + 2(r'')/3aPlc - -^{^'''''') 0a{T^2^ ahcT^2)\ 

+ ^(^irMre)a + £:^A7r2a. 

(4.34) 

The parametrizations of torsions and curvatures are obtained by looking at the sector with 
Ugh = of equations (4.22) - (4.34), i.e., dropping the hats in these equations. 

As for the sector with Ugh = 1, let us report only the BRST transformations of the super- 
vielbeins S°- , and the B- fields niB\: 

sS" = (Air%) + (A2TO), (4.35) 

s£^ = -AA? - ^(r'Ai)'^(£:ir„67ri) + Ixu^m,) - y%rabXirnabc 

-^(rti)"(Air„67ri) + ^S^iXmi) - S^MF.X^r, (4.36) 
sE^ = -AA^ + ^(r"''A2)"(£:2r„57r2) - ^A^(£27r2)] + \s''{TabX2rnabc 



14 



+^(r«%)-(A2r„,7r2) - \£^{\2Ti2)] + E'iXiV.MY, (4.37) 

s{n,Bl) = £«[(Air„£i) - {\2TaS2)]. (4.38) 
In this notation, the Green-Schwarz action (3.2) is 

lGS^ljKS^a + 2niB'^], (4.39) 

where £^ are the left-handed and right-handed puUbacks of the supervielbeins on the world- 
sheet. The BRST transformation of I as is 

sIgs = / [( Air„£;£_i) + {X,r,SlS+2)] ■ (4.40) 

Notice that, if one chooses A" = (/ciF^^+b)" and A2 = (/c2r^^-6)" where ki are local parameters, 
Iqs is invariant (modulo the Virasoro constraints). This is the re-symmetry of the G-S action. 

A useful identity that follows from the Bianchi identity AR^^ = in the sector with ghost 
number 3, is 

(Air['^[A«Ai„P + A°A2„P]r''lA2) = 0, (4.41) 

where 

If one defines 

Ai"Ai,P^^ = Ai"Ci/^ 

A2"A2„P^^ = A2"C2/^ (4.42) 

(4.41) implies that Cia^"' and C2a^"' are Lorentz-Weyl valued in a, (3 and a, 7 respectively. 

It is interesting to note that the parametrization of torsions and curvatures, when expressed 
in terms of the real and imaginary parts of the rescaled and redefined fields and forms, has a 
structure very similar to that of IIA superstring [23] , a non-surprising result given that it is 
also present from the beginning in the treatment of Berkovits and Howe in [11]. 

5 Pure Spinor Action 

5.1 Antighosts, da Fields and BRST charge 

In order to derive the pure spinor action one must add to the superspace coordinates — 
(X'^, e^) the ghosts 

A^=(A^A^), 
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the antighosts 

with ghost number Ugh — —1 which will play the role of the conjugate momenta of A-, and the 
fields 

da — {dla, d2a), 

that will also play the role of the conjugate momenta of 6'^ and are essentially the BRST partners 
of Ua- From the worldsheet point of view, oui, di and 002, o?2 are left-handed and right-handed 
chiral fields, respectively. 

An index a repeated, like for instance in X-da, means X-da = (Xidi) + (A2(i2) whereas 
indices i{i = 1, 2) repeated do not imply summation. 

Since, as a consequence of the pure spinor constraints. A- contains 11-1-11 degrees of 
freedom, also oUa should contain 11 + 11 independent components. This is realized by assuming 
that the pure spinor action is invariant under the o'-gauge symmetry 

= Ar(raA,) i-1,2, (5.1) 

where A" are local gauge parameters. The da allow us to define the BRST charge 

Q = /(A^d„) = /(Aidi) + f{X2d2), (5.2) 

that generates the transformations induced by the BRST differential s. It is also useful to split 
s as s = Si + S2 where Si is generated by the charge Qi — §{Xidi) and S2 is generated by the 
charge Q2 = §{X2d2). 

In order to specify Q, prove its nilpotence and compute the BRST transformations of Aj, uji 
and di one needs the expression of (Ajdj) which is expected to be 

A?di„ = A^dS + + 4'j")^i7A^ + ^^a/^2^Af], (5.3) 



A^d2a = XX + (^^a/ + X):P)UJ2,X^2 + ^'a^^^l^Xi], (5.4) 

where d^^\ acting on superfields, induces the tangent space derivative and Q!^^ are the 
spinorial partners of the Lorentz connection defined in (3.15) and (3.16). The superfields X^^"* 
and X^'^^ are needed to assure the nilpotence of Q and to reproduce equation (4.21). 
As we will see, these two requirements are satisfied if one chooses for X^'^ 

x'ip = -^(r"V)a(r„,)/ - \k^Jp\ (5.5) 
4?" = J(r'^V2).(r„,)/ + \k2Jp'\- (5-6) 

We shall write 
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and also define the Lorentz-Weyl connections D.^^ — Q^^ + X^l with being 
It is convenient to choose 

-17 7 ^ T-jy 

ric^ -(,1 )ll-rLabc, 

SO that, calhng A the covariant differential related to the Lorentz-Weyl connection fl, the 
torsion T = A£- vanishes in the sector (0,2), and in the sector (1, 1) it becomes 

(T~)(i,i) = {-g^MVAr, S'^iSiT.Mf). (5.7) 
Then, from the Bianchi identity AAE- — E^Rp— one obtains for S^R^— the simple result 

(£i^(^)^)(o,3) = -\{E,T'^E,){MTaE2)\ (5.8) 



{E2pRf^)(o,^) = l{E2T^E2){E,T,My. (5.9) 

Now, in this notation, 

da = Sl^ + n^ix^^, (5.10) 

and 

Q = f ^-{d^a^ + ^ai^X^j). (5.11) 

Moreover the BRST transformations of Aj and Ui become 

sX^ = X^XlQ^^, (5.12) 

and 

SUJa = —da — X-^pa-^j- (5.13) 

It is useful to notice that if one defines 

Y^^'^ are symmetric in a and ^ and therefore Lorentz-Weyl valued both in a, 7 and in /3, 7. 

Given (5.5) and (5.6), the covariant form of (5.12), that is, sAf = Af A/X^!^" reproduces (4.21) 
and using (5.14) 

SUia = -dia - X^Y^pCJi^ T 2{Xi7ri)uJia. (5.15) 
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To compute sda we assume 

x^f.df) = -(r«A)^[£±„ + nj, (5.16) 

where 
Then 

sd« = - (r" A)«£±„ + X^Qafd^ + X^X^Rsap^2.^ (5.17) 

so that 

^ ^ X^X^X^R^fw^. (5.18) 

Then, it follows from (5.8) and (5.9) that indeed = 0. 
^Prom (5.12) (or (4.21)) it also follows that 

s'^Xa = 0, 

in agreement with the nilpotence of Q. 

However s'^Ua does not vanish since from (5.13) and (5.17) one has ^ 

that is, using (5.8) and (5.9), 

sVa = (raAi)„[^:^ + (a;iMr„A2)], (5.19) 

s'u;2a = {TaX2)aK ' (AiF^Mc^s)]- (5.20) 
Also s^da does not vanish since 

s^dia = -[(£:2+r„A2)(Air«)« + s[(a;iMr„A2)(Ain„], (5.21) 

s''d2a = -[(r A2)«(Air,£:i_) - s[(rA2)«(Air„Ma;2)]. (5.22) 

The nonvanishing of (5.21) and (5.22) is not a problem since, as we will see later, the RHS of 
(5.21) and (5.22), vanishes on shell, being proportional to the fields equations of da 

(AiTO_) - s(Air"Ma;2) = (Air)^[£:f_ + (Md2)^ - C2j''X^uj2^] = 0, (5.23) 
(A2r«£:2+) + s{X2^''MuJ^) = (A2r")^[£:2^+ - {d^Mf + C.J^X'^uJi^] = O, (5.24) 

^In our notations yi(al3) = ^{^a0 + ^fla) and = |(^a/3 — ^fia)- 

18 



where 



— Cicf^ + Yia^'^ -I (5.25) 

and CiJ'^ and YiJ^^ are defined in (4.42) and (5.14). 

The failure of nilpotency in equations (5.19) and (5.20) is a consequence of the a;-gauge 
transformation (5.1). Indeed s^, acting on cu, vanishes only modulo this gauge transformation. 

One can cure this inconvenience by fixing the o'-gauge and a useful way to do that is to 
apply the so-called Y-formalism. 

Given the constant spinors Va = {Via-, V2a) one defines 

X/=(i^<^)^ K^^^l 

where 

^ l(r«AOa(i^ir„)^ 



and 

so that 
Moreover 

and 



Km = l(r»A2)a(r2r„)^ (5.26) 



{YiK) = 1. 

(AiX(^))" = = (A2i^('))", (5.27) 
((1 - xW)r"Ai)« = - ((1 - X(2))r«A2)„. (5.28) 

Here K^^^ and i^^^) 

are projectors and, since TrKi = 5, they project on five-dimensional 
subspaces of the 16-dimensional spinorial spaces so that from (5.17) one can see that Ai and A2 
have 11 independent components. 

Using the projectors X^'^ one can fix the a;-gauge symmetry by requiring 

{K^^^UJ^)a = = {K^^^UJ2)a, (5.29) 

or equivalently, 

u,^{{l-K^^)uj,), (5.30) 
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so that each of the Ui also has 11 components. Moreover one can also split the fields da as 

dr) = ((i-i^«K, 

Notice that only d^^^ appear in the BRST charge Q so that d\'^^ are the BRST partners of Wj. 
Since Vi are constants, X^*) break Lorentz invariance, and are singular at (ViXi) — but these 
facts are not a problem since, as we will see, any dependence on K^'^^ disappears in the final 
result. 

Projecting (5.13), (5.17), with (1 — K) one gets scui and sd\^^ which, in covariant form are 

= -d^J^ - X^X^a^^, (5.31) 

sdCT) ^ xlx^M^^ + X^X^Rasp^^, (5.32) 

and projecting (5.19), (5.20), (5.8) and (5.9) with (1 — K) one has 

s^Ua^O^ s'^d^. (5.33) 

As for sd-^, notice that, given the definition (5.10) of only the components of Oq^- projected 
wi 1 1; (1 — K)^, and (1 — K)^- are present in (5.17) so that 

Ma = -{raXl)a[Sl + {cU^MF'' X2)], (5.34) 

~sdit^ = -{TaX2)a[£l - (AirMa;^)]. (5.35) 

Moreover s^cl^ is just given by (5.21) and (5.22) which, as we will see, vanishes on shell. Now 
s is nilpotent acting on any field or ghost. 

5.2 Derivation of the Action 

In [23] two methods are presented to derive the pure spinor action in IIA superstring cr-models. 
Both methods can be applied to the present case. In this subsection we will give the details of 
only the second method first proposed in [13] for heterotic a-models. 

The strategy is the following: as a first step one adds to the Grccn-Schwarz action Iqs 
a new action Ik that depends on the projector Ka- such that the action Igs + Ik is BRST 
invariant; then one adds a BRST exact action term Igf (the "gauge fixing" action), given by 
the BRST transformation of a "gauge fermion" with ghost number Ugh — —1 such that the 
BRST invariant action I — Iqs -\- Ik -\- Igf becomes independent of Kg^. 

The Green-Schwarz action is given in (4.39) and its BRST transformation in (4.40). Now 
consider the action 

^K — ^K + ^K + ^K ■> 
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where 



/J,') = fiiSi.K^'Ui) + {S2+K^'^d2)], (5.36) 

= - ^(diX«MX(2)d2), (5.37) 

4'^ = f{uJiMTaX2){XiT''MLU2). (5.38) 

with X^*) being the transpose of K^^\ Notice that equations (4.36) and (4.37), projected with 
K reduce to 

s(£ii^(^)))" = -S%Mr^X2)", (5.39) 

s{S2K^^^T = S^XiF^M)". (5.40) 

An exphcit computation of sIk, using equations (5.34), (5.35), (5.39) and (5.40) as well as 
(4.21) and (5.31) and taking into account equations (4.41) and (4.42) yields 

sIk = - f[iX,£lTa£i-) + {X2£lTa£2+)] 
- ^(a;iMr«A2)(Air„)^[£:f_ + {Md2f - Cs/^A^s-y] 

+ f[S^ - {d^Mf + Ci/^A>i-,](rA2);3(Air„M^2), (5.41) 

where the last two integrals vanish on shell, as discussed before (see (5.23), (5.24)) and proved 
later on. Therefore, given (4.40), 

sIgs + = 0, 

on shell. 

Now we define Igf as 

hf = -5 + (^2+6^2)] + s j[{drk^^^Muj2) - {u:iMK^^^d2)] 

-^s j{si - S2){uJiMuj2). (5.42) 
Performing the BRST variations one has 

-s j[{Ei-UJi) + ^:2+Cc;2)] = (cuiA-Ai) + (cc;2A+A2) + £^(a;iMr„A2) - £l{XrVaMuj2) 
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- X«)dO + £2+{{l - K('^)d2), (5.43) 

-{di{l - K'-^^)MK^^U2) - 2(wiMr„A2)(Air"Ma;2), (5.44) 

-(di(l - X(i))M(l - X(2))d2) + uj^fiKS^J,X2^^25 + (u;iMr„A2)(Air«Ma;2), (5.45) 

where 

« = \C'J, - {Y^rl'Ct - CtYif) + Y(^^M^^Y(^\ (5.46) 

and 

A?AlCf^ = S2S,P^' = -siS2P^'. (5.47) 

It follows from (4.42) that the fields Cf^, and therefore S^^, are Lorentz-Weyl valued in a, /3 
and in 7, 5. 

Adding equations (4.39), (5.36), (5.37), (5.38) and (5.42), one obtains the pure spinor action: 

I = Igs + Ik + Igf = J il^lS-a + {riiBl) + ((^lA+Ai) + (a;2A_A2) + (^i+rfi) + {,£2-d2) 

-{d,Md2) + d,^C^^Xluj2y + uj,^XifiC2^d2a + a;i^A?5f^A2^a;25], (5.48) 

which is in full agreement with the pure spinor action first obtained by Berkovits and Howe in 
[11]. 

Notice that the field equations obtained from this action varying da are 

£:f + {Md2y - C^2X^uj2^ = 0, 

- {d^Mf + C-fjA^i^ = 0, 
which justify equations (5.23) and (5.24) and assure the on shell nilpotence of s acting on d^. 
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